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a b s t r a c t
We use an analytical approach to find the kth power of the Catalan matrix. Precisely, it is
proven that thepower of theCatalanmatrix is a lower triangular Toeplitzmatrixwhich con-
tains the well-known ballot numbers. A result from [H. S. Wilf, Generatingfunctionology,
Academic Press, New York, 1990, Free download available from http://www.math.upenn.
edu/∼wilf/Downld.html.], related to the generating function for Catalan numbers, is ex-
tended to the negative integers. Three interesting representations for Catalan numbers by
means of the binomial coefficients and the hypergeometric functions are obtained using
relations between Catalan matrix powers.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
The expressions
Cn = (2n)!n!(n+ 1)! =
1
1+ n

2n
n

,
c(n, k) = k · (2n+ k− 1)!
n!(n+ k)! =
k
k+ 2n

k+ 2n
n

are always integers for natural n and k [3]. They are called the Catalan numbers and the ballot numbers, respectively. The
Catalan numbers arise in many combinatorial problems—see Stanley [22] for numerous combinatorial interpretations of
these numbers. They also satisfy the recurrence relation
Cn+1 =
n−
k=0
Ck · Cn−k, n ⩾ 0.
Many number triangles which present generalizations of the Catalan sequence have been introduced in the literature.
Shapiro [19] introduced a number triangle with its first column entries containing the Catalan numbers. The Catalan triangle
is a number triangle with entries equal to (n+ k)!(n− k+ 1)/k!(n+ 1)!, or element-wise
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.
For further results concerning the Catalan triangle, see [5,7,11,10]. Many properties of the Catalan numbers can be
generalized easily to the ballot numbers, which have been studied intensively by Gessel [8]. Two relations,
c(n, 1) = Cn, c(n, 2) = Cn+1,
bring the Catalan numbers and the ballot numbers in correlation [1,12,17]. Also, the ballot numbers can be found in the
Catalan triangle by reading the numbers in the triangle diagonally. The combinatorial meaning of the ballot numbers can be
found in [2]. The alternative definition for the ballot numbers,
c(n, k) =

2n+ k− 1
n

−

2n+ k− 1
n− 1

, (1.1)
extends their existence to all integers n and k. Notice that the following definition for the binomial coefficients,n
k

= [n]k
k! ,
is valid for all n ∈ Z and k ∈ N, where by N we denote the set of natural numbers, and by Z the set of integers. Recall that
[n]k is the falling factorial symbol defined by [n]k = n(n− 1) · · · (n− k+ 1).
Many generalizations of Catalan numbers have been introduced. We use the generalization of Catalan numbers which
also generalizes the ballot numbers. The generalized Catalan numbers, depending on the integer parameters a > 0 and
b ⩾ 0, are defined as follows (see, for example [9,13]):
Cn(a, b) = aa+ bn

a+ bn
n

, n ⩾ 0. (1.2)
When (a, b) = (1, 2), the generalized Catalan numbers reduce to Catalan numbers, while in the particular case when
b = 2 we have Cn(k, 2) = c(n, k). The convolution formula for the generalized Catalan numbers [13]
n−
l=0
Cl(a, b)Cn−l(c, b) = Cn(a+ c, b)
represents a very useful recurrence relation. This formula is also known as the Hagen–Rothe convolution (see [9]).
In the recent literature, there has been an increase in the number of papers concerning matrices which contain special
types of numbers. In [4,25], the authors investigated many properties of the Pascal matrix. In [6,16,15,23,26–28], the
authors arranged various well-known sequences (such as Fibonacci, Lucas, Bell, Bernoulli, and Stirling numbers) into a
lower triangular Toeplitz matrix. They investigated relations between those types of matrices and the Pascal matrix, and
found many combinatorial identities.
In [21], the authors followed those ideas and introduced the notion of the Catalan matrix Cn[x]. Each (i, j)th nonzero
element of the matrix Cn[x] is the one-term polynomial Ci−jxi−j with respect to variable x. The inverse of the Catalan matrix
Cn[x]−1 was calculated, and some combinatorial identities including Catalan numbers and generalized hypergeometric
function were found using relations between the Catalan matrix and the Pascal matrix.
The concept of the generalized Catalan matrix Cn[a, b; x] was introduced in [20]. It represents a lower triangular
Toeplitz matrix consisting of the one-term polynomials with coefficients equal to the generalized Catalan numbers (1.2).
The generalized Catalan matrix in the particular case when a = 1 and b = 2 reduces to the Catalan matrix [21].
Also, the authors in [20] computed the kth power of the generalized Catalan matrix when k ⩾ 0, showing the fact that
Cn[a, b; x]k = Cn[ak, b; x].
The aim of this paper is to go step further in finding combinatorial identities from relations between special types of
matrices. More precisely, we try to exploit relations between Catalan matrix powers of different degrees and find some
additional identities for Catalan numbers. In [21], we calculated the inverse of the Catalan matrix and observed that it also
contains Catalan numbers. In this paper, we show that the squared Catalan matrix also possesses this property. Therefore,
we are particularly interested in the following three matrix relations:
Cn[x] = Cn[x]k · Cn[x]1−k,
Cn[x]−1 = Cn[x]k · Cn[x]−1−k,
Cn[x]2 = Cn[x]k · Cn[x]2−k.
(1.3)
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We give some comments on formulae (1.3). It is clear that Cn[x] ∈ Mn(F [x]), where Mn(F [x]) is the set of all n × n
matrices over the ring of single variable polynomials F [x]. The elements from the set Mn(F [x]) are called the polynomial
matrices, which can be considered in two equivalent aspects: as matrices whose entries are polynomials, or polynomials
whose coefficients are matrices. The set Mn(F [x]) with the ordinary matrix multiplication forms a ring, in the literature
known as the matrix ring [14]. Accordingly, for every integer k, the relation
Cn[x]k+1 = Cn[x]k · Cn[x] (1.4)
holds. Now each formula in (1.3) follows after multiplying (1.4) from the right-hand side with Cn[x] and/or Cn[x]−1 as many
times as is needed.
Relations (1.3) require the formula for the kth power of the Catalan matrix, for both nonnegative and negative integers k.
Clearly, the result from [20] related to the power of the generalized Catalanmatrix (stated only for a nonnegative exponent)
is not enough. In order to give a unified approach in evaluating the kth Catalan matrix power, for an arbitrary integer k, we
employ an analytical approach, particularly generating functions to derive the explicit formula. In [24], the author evaluated
the kth power of Catalan power series for k > 0, but we extend that result to all integers. It turns out, as one of the most
interesting results of this paper, that the power of the Catalan matrix, for an arbitrary integer exponent, is also a lower
triangular Toeplitz matrix with elements containing the ballot numbers.
Motivated by this fact, in Section 2 first we introduce the notion of the ballot matrix, which is later brought into a
correlation with the kth power of the Catalan matrix. A formula for the kth power of Catalan power series from [24] is
extended to negative integers. Finally, in Section 3, we use relations (1.3) in conjunction with the fact that elements of the
matricesCn[x],Cn[x]2 andCn[x]−1 contain Catalan numbers, in order to represent Catalan numbers bymeans of expressions
involving binomial coefficients and hypergeometric functions.
2. Catalan matrix power
In the following definition, we introduce the concept of the ballot matrix, which is obtained by arranging the ballot
numbers along the main diagonal parallels into a lower triangular Toeplitz matrix.
Definition 2.1. The ballot matrix of order n with real argument x, denoted by Bn[k; x] = [bi,j[k; x]], i, j = 1, . . . , n, is the
matrix having elements
bi,j[k; x] =
δi,j, k = 00, k ≠ 0, i < jxi−jc(i− j, k), k ≠ 0, i ⩾ j,
where k is given integer and δi,j is the well-known Kronecker delta function:
δi,j =

1, i = j
0, i ≠ j.
Example 2.1. Since
c(0,−3) = 1, c(1,−3) = −3, c(2,−3) = 0, c(3,−3) = −1, c(4,−3) = −3, c(5,−3) = −9,
the ballot matrixB6[−3; x] is of the form
B6[−3; x] =

1 0 0 0 0 0
−3x 1 0 0 0 0
0 −3x 1 0 0 0
−x3 0 −3x 1 0 0
−3x4 −x3 0 −3x 1 0
−9x5 −3x4 −x3 0 −3x 1
 .
It is clear that the relation Cn[x]k = Cn[k, 2; x] = Bn[k; x] holds when k > 0. Our goal in this section is to extend this
relation for k ⩽ 0 and prove Cn[x]k = Bn[k; x] for an arbitrary integer k. To evaluate the explicit formula for the Catalan
matrix power, we use the well-known generating function f (x) for Catalan numbers (see [24]):
f (x) =
∞−
n=0
Cnxn = 1−
√
1− 4x
2x
. (2.1)
Lemma 2.1. Let f (x) be the generating function for Catalan numbers from (2.1). For an arbitrary integer k, the following identity
holds:
f k(x) =
∞−
n=0
c(n, k)xn. (2.2)
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Proof. The identity (2.2) is valid for k ⩾ 0, as proved in [24, Eq. (2.5.16)]. Nowwe need to prove that (2.2) holds when k < 0
in the expanded form, assuming that c(n, k) are defined in (1.1). For this purpose, we have to calculate the reciprocal of the
generating function f (x):
g(x) = f −1(x) = 1
f (x)
= 2x
1−√1− 4x =
1+√1− 4x
2
.
Using the relation g2(x) = g(x)− x, we have the following general identity for k ⩾ 1:
gk+1(x) = gk(x)− xgk−1(x). (2.3)
We will show, using mathematical induction, that for k > 0 it holds that
f −k(x) = gk(x) =
∞−
n=0
c(n,−k)xn. (2.4)
For k = 1, we have the identity g(x) = 1− xf (x) = 1−∑∞n=1 c(n− 1, 1)xn. We can express the coefficient of xn, n ⩾ 1, as
−c(n− 1, 1) = − (2n− 2)!
n!(n− 1)! = −
1
n

2n− 2
n− 1

= c(n,−1).
Therefore, we can write g(x) =∑∞n=0 c(n,−1)xn, which proves the case when k = 1.
Let us assume that (2.4) holds for an arbitrary positive integer k > 1. Our task is now to prove the following relation:
c(n+ 1,−k)− c(n+ 1,−k− 1) = c(n,−k+ 1) (2.5)
for k > 1. In fact, we are in a position to give a stronger assertion. Indeed, using the definition (1.1) for the ballot numbers,
when n ⩾ 1 and l ∈ Z, we obtain
c(n+ 1, l)− c(n+ 1, l− 1) =

2n+ l+ 1
n+ 1

−

2n+ l+ 1
n

−

2n+ l
n+ 1

+

2n+ l
n

=

2n+ l+ 1
n+ 1

−

2n+ l
n+ 1

−

2n+ l+ 1
n

−

2n+ l
n

=

2n+ l
n

−

2n+ l
n− 1

= c(n, l+ 1),
while, when n = 0 and l ∈ Z, we have
c(1, l)− c(1, l− 1) = l− (l− 1) = 1 = c(0, l+ 1).
Since (2.5) is valid, we use it in a conjunction with formula (2.3), and conclude that the coefficient of the xn term in gk+1(x)
is c(n,−k− 1). Thus we have proved that (2.2) holds for k < 0, which was our original attention. 
The following theorem contains one of the most important results and brings the Catalan matrix power and the ballot
matrix into a correlation.
Theorem 2.1. The kth power of the Catalan matrix Cn[x], denoted by Cn[x]k, satisfies the following relation:
Cn[x]k = Bn[k; x]
for every k ∈ Z.
Proof. The case when k = 0 is obvious, while the case when k > 0 immediately follows from the well-known property of
the power of the generalized Catalan matrix. Nowwe prove the statement when k < 0. Our problem reduces to verification
of the identity
c(p, k) =
p−
t=0
c(p− t,m) · c(t, k−m), k < m < 0. (2.6)
If we multiply the left-hand side of the identity by xp and sum over p, an argument used in the previous lemma shows that
F(x) =
−
p⩾0
c(p, k) · xp = f k(x).
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Analogously, multiplying the right-hand side in (2.6) by xp and summing over p, we get
G(x) =
−
p⩾0
xp ·
p−
t=0
c(p− t,m) · c(t, k−m).
We interchange the order of the two summations for the generating function G(x):
G(x) =
∞−
t=0
∞−
p=t
xp · c(p− t,m) · c(t, k−m)
=
∞−
t=0
c(t, k−m) ·
∞−
p=t
xp · c(p− t,m).
After the substitution p → p+ t we get the product of two independent power series:
G(x) =
∞−
t=0
xtc(t, k−m) ·
∞−
p=0
xpc(p,m) = f (x)k−m · f (x)m = f (x)k.
Therefore, it holds that F(x) = G(x), and the proof is finished. 
The elements of the squared Catalan matrix are expressions containing Catalan numbers.
Corollary 2.1. The squared Catalan matrix Cn[x]2, i, j = 1, 2, . . . , n, is given by
(Cn[x]2)i,j =

xi−jCi−j+1, i ⩾ j
0, i < j.
Proof. One can immediately obtain the statement after verifying the relation c(n, 2) = Cn+1, n ⩾ 0, as stated above. 
Example 2.2. The squared Catalan 6× 6 matrix is of the form
C6[x]2 =

1 0 0 0 0 0
2x 1 0 0 0 0
5x2 2x 1 0 0 0
14x3 5x2 2x 1 0 0
42x4 14x3 5x2 2x 1 0
132x5 42x4 14x3 5x2 2x 1
 .
3. Identities involving Catalan numbers and hypergeometric functions
We give three interesting representations of Catalan numbers involving binomial coefficients and the generalized
hypergeometric function 3F2, where the generalized hypergeometric function is given by (see, for example, [18])
pFq(a1, . . . , ap; b1, . . . , bq; λ) =
∞−
l=0
(a1)l · · · (ap)l
(b1)l · · · (bq)l ·
λl
l! ,
and
(a)n = a(a+ 1) · · · (a+ n− 1) = Γ (a+ n)
Γ (a)
is the notion of the rising factorial (also known as the Pochhammer symbol).
Theorem 3.1. For every nonnegative integer m, the following representation of the Catalan numbers holds:
Cm = m+ 22m+ 2

3m+ 1
m

3F2

−2(m+ 1),−m+ 1
2
,−m
2
;−3m+ 1
2
,−3m
2
; 1

. (3.1)
Proof. It is possible to write the Catalan matrix as
Cn[x] = Cn[x]k · Cn[x]1−k. (3.2)
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Without loss of generality, we can take arbitrary k > 0. After the application of the fact that for l ≠ −m andm ⩾ 0 the ballot
numbers can be written as
c(m, l) = l
m+ l

2m+ l− 1
m

on the equality (3.2), we obtain the next relation:
(Cn[x])i,j = xi−j
i−
l=j
k
i− l+ k

2(i− l)+ k− 1
i− l

1− k
l− j+ 1− k

2(l− j)− k
l− j

. (3.3)
The fraction 1−kl−j+1−k on the right-hand side of (3.3) is not defined for some values of l. So, we assume that k ⩾ i − j + 2 to
make it defined for all l. By simplifying the sum on the right-hand side of (3.3), we get
i−
l=j
k
i− l+ k

2(i− l)+ k− 1
i− l

1− k
l− j+ 1− k

2(l− j)− k
l− j

=
i−j
l=0
k
i− j− l+ k

2(i− j− l)+ k− 1
i− j− l

1− k
l+ 1− k

2l− k
l

=
i−j
l=0
k(1− k)(2i− 2j− 2l+ k− 1)!
(i− j− l)!(i− j− l+ k)!l! (l− k+ 2)l−1. (3.4)
The trick of the proof is to establish the following relation:
i−
l=j
k
i− l+ k

2(i− l)+ k− 1
i− l

1− k
l− j+ 1− k

2(l− j)− k
l− j

= k
i− j+ k

2(i− j)+ k− 1
i− j

4F3

j− i, j− i− k, 1− k
2
,
2− k
2
; 2− k, j− i+ 1− k
2
, j− i+ 2− k
2
; 1

. (3.5)
We start from the right-hand side of (3.5). For i ⩾ j, we have the following Pochhammer functions in the numerators of 4F3
from (3.5):
(j− i)l = (−1)l (i− j)!
(i− j− l)! , l ⩽ i− j;
(j− i− k)l = (−1)l (i− j+ k)!
(i− j+ k− l)! , l ⩽ i− j+ k;
1− k
2

l
= (−1)
l
2l
l−1∏
t=0
(k− 2t − 1);

2− k
2

l
= (−1)
l
2l
l∏
t=1
(k− 2t),
and the following Pochhammer functions in the denominators of 4F3 from (3.5):
(2− k)l = (−1)l (k− 2)!
(k− 2− l)! , l ⩽ k− 1;
j− i+ 1− k
2

l
= (−1)
l
2l
l−1∏
t=0
(2i− 2j+ k− 2t − 1), l⩽2(i− j)+ k+ 1;

j− i+ 2− k
2

l
= (−1)
l
2l
l∏
t=1
(2i− 2j+ k− 2t), l ⩽ 2(i− j)+ k.
By simplifying the products of Pochhammer functions, we obtain
1− k
2

l

2− k
2

l
= 1
4l
(k− 2l)2l,
j− i+ 1− k
2

l

j− i+ 2− k
2

l
= 1
4l
(2i− 2j+ k− 1)!
(2i− 2j+ k− 1− 2l)! .
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Taking into account all conditions for l, and using k ⩾ i − j + 2, we conclude that l ⩽ i − j. So, we replace infinite sums in
4F3 by equivalent finite sums with the upper bound in the summation equal to i− j, and obtain
k
i− j+ k

2(i− j)+ k− 1
i− j

4F3

j− i, j− i− k, 1− k
2
,
2− k
2
; 2− k, j− i+ 1− k
2
, j− i+ 2− k
2
; 1

= k
i− j+ k

2(i− j)+ k− 1
i− j
 i−j
l=0
(j− i)l(j− i− k)l
 1−k
2

l
 2−k
2

l
(2− k)l

j− i+ 1−k2

l

j− i+ 2−k2

l l!
=
i−j
l=0
k(k− 1)(2i− 2j+ k− 1− 2l)!
(−1)l(i− j− l)!(i− j− l+ k)!l! (k− 2l)l−1.
After the evident transformation
(−1)l−1(k− 2l)l−1 = (l− k+ 2)l−1,
we get the right-hand side of (3.4). Since formula (3.5) is true, we go back to (3.3), and obtain
Ci−j = ki− j+ k

2(i− j)+ k− 1
i− j

4F3

j− i, j− i− k, 1− k
2
,
2− k
2
; 2− k, j− i+ 1− k
2
, j− i+ 2− k
2
; 1

.
This formula is true for every k ⩾ i− j+ 2. After the substitution (i, j)→ (m+ 1, 1),m ⩾ 0, we get the equality
Cm = km+ k

2m+ k− 1
m

4F3

−m,−m− k, 1− k
2
,
2− k
2
; 2− k,−m+ 1− k
2
,−m+ 2− k
2
; 1

,
which holds for every k ⩾ m+ 2. Finally, we put k = m+ 2 and complete the proof. 
Theorem 3.2. For every nonnegative integer m, the following representation of the Catalan numbers holds:
Cm = −12

3m+ 2
m+ 1

3F2

−2(m+ 1),−m+ 2
2
,−m+ 1
2
;−3m+ 2
2
,−3m+ 1
2
; 1

. (3.6)
Proof. In [21], the authors proved that the inverse of Cn[x], denoted by Cn[x]−1= [c ′ i,j[x]], is equal to
c ′ i,j[x] =
1, i = j−xi−jCi−j−1, i ⩾ j+ 10, otherwise.
If we now write the inverse of the Catalan matrix as
Cn[x]−1 = Cn[x]k · Cn[x]−1−k,
we get the following identity for arbitrarym ⩾ 0:
Cm = − km+ 1+ k

2(m+ 1)+ k− 1
m+ 1

·
× 4F3

−(m+ 1),−(m+ 1)− k,−1+ k
2
,− k
2
;−(m+ 1)+ 1− k
2
,−(m+ 1)+ 2− k
2
,−k; 1

, (3.7)
similarly as in Theorem 3.1. This equation is valid for every k ⩾ m+ 1. By putting k = m+ 1 in Eq. (3.7), we complete the
proof. 
Theorem 3.3. For every positive integer m, the following representation of the Catalan numbers holds:
Cm = m+ 22m+ 1

3m− 1
m− 1

3F2

−(2m+ 1),−m
2
,−m− 1
2
; −3m+ 1
2
,
−3m+ 2
2
; 1

. (3.8)
Proof. We use the same idea as in the proofs of previous two theorems, and write the square Catalan matrix as
Cn[x]2 = Cn[x]k · Cn[x]2−k.
Following Corollary 2.1 and steps in the proof of Theorem 3.1, we analogously get the identity. 
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4. Conclusion
We use the notion of the Catalan matrix from [21], with the Catalan numbers as the nonzero entries in a lower triangular
Toeplitzmatrix.We introduce a notion of the ballotmatrix, which is a Toeplitzmatrixwith its elements containing the ballot
numbers. Next, we use the generating function for the Catalan numbers to derive the explicit formula for the kth power of
the Catalan matrix and show that the kth power of the Catalan matrix is actually the ballot matrix. The well-known result
from [24], concerning the power of the generating function for Catalan numbers, has been extended to the negative integers.
The essential observation was that nonzero elements of matrices
Cn[x]2, Cn[x] and Cn[x]−1
are equal to
xi−jCi−j+1, xi−jCi−j and − xi−jCi−j−1,
respectively. The right-hand sides of relations (1.3) produce expressions involving a binomial coefficient and the hyperge-
ometric function 3F2. The relations between Catalan numbers and those expressions were later established. We leave for
the future research deriving other identities involving Catalan numbers and hypergeometric functions based on the matrix
products.
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